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Osmotic Pressure of Long Polymers in Good Solvents at  Moderate 
Concentrations: A Comparison between Experiments and Theory 
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ABSTRACT Renormalization theory and experiments show that the osmotic pressure of dilute or semidilute 
solutions in good solvents obeys a scaling law; accordingly, its dependence on concentration can be represented 
by a universal function. This function has been measured (I.N. et al.) and quite independently, theoretical 
predictions concerning this function have been made (J.C.) in the framework of renormalization theory. It 
is shown that the theoretical predictions agree quantitatively with the measurements (with one exception). 

I. Introduction 
In this article, we deal with properties of solutions of 

long neutral polymers in good solvents. It is assumed that 
the polymer is approximately monodisperse and that the 
solutions are moderately concentrated, which means that 
the volume fraction of the polymer is small (the volume 
fraction of the solvent is nearly equal to one). It is ex- 
pected1v2 that in this case the properties of the polymers 
become universal. For instance, the critical indices can 
be measured and it has been shown that they depend 
neither on the solution nor on the s01vent.~ It is also 
expected that the osmotic pressure of solutions of long 
polymers should obey a scaling law that is also independent 
of the polymer and of the However, it is still 
possible to do better. We may choose as a scale the size 
of an isolated polymer in solution, which can be defined, 
for instance, by its radius of gyration. Then, the osmotic 
pressure is determined by a universal functi0n2~,~ that does 
not depend on any arbitrary constant. The aim of the 
present article is to show that recent theoretical predictions 
concerning this function7 (for monodisperse systems) are 
in good agreement with the results of recent precise 
measurernentsa6 

11. Osmotic Pressure: The Universal Function 
The scaling law for the osmotic pressure II of a solution 

of monodisperse polymers can be written in various ways. 
For the theoretician, the following form (in three dimen- 
sions) is convenient: 

np = c F(CX3) (1)  

Here p = l / k T ,  C is the number of polymers per unit 
volume, and X is a length related to the mean square 
end-to-end distance R2 of a polymer in a very dilute so- 
lution by 

R2 = 3 X 2  (2)  
(If the space had dimension d,  we would write R2 = dX2).  

Usually the experimentalist uses a different form 

n / R T  = G( $) (3) 

where C is the polymer concentration (mass per unit 
volume), M the molecular mass, and C* a critical concen- 
tration defined by 

c* = M/(4/3)xRc3N,  (4)  

where R G  is the radius of gyration of a polymer in a dilute 
solution and NA the Avogadro number. Equations 1 and 

3 can be easily compared. We have 
F(CX3)  = G(C/C*) 

F(0)  = G(0) = 1 
with 

(5)  

and, as C = C M / N A ,  we see immediately that 

c/c* = 4~ 3 1 / 2 ( R ~ / R ) 3 ( C X 3 )  ( 6 )  
In order to compare the theoretical predictions with the 

experimental results, we need the ratio RG/R,  which, for 
long polymers, is universal. This ratio is not known exactly 
but can be obtained in different ways. 

A straightforward expansion of R2 and RG2 in powers of 
the interaction, i.e., in powers of the classical dimensionless 
parameter* z givesg 

R2/(R2)o  = 1 + 1.333% - 2 . 0 7 5 ~ ~  + ... (7a) 

RG2/(RG2)0 = 1 + 1.2762 - 2 . 0 8 2 ~ ~  + ... (7b) 
and in the absence of any interaction, we know that 
( R G ~ / R ~ ) O  = ‘16. 

By combining the preceding equations, we can write the 
ratio RG2/R2 as a Pad6 approximant 

1 + 1.1532 
6(1 + 1.2102) 

RG2/R2 = 

and for z - m ,  we find the asymptotic value 

RG2/R2 = 1/(l - 0.047) (8) 

It is known, however, that R G ~  and R2 are given by series 
expansion in z ,  which are not convergent. Thus the pre- 
ceding estimate of RG2/R2 is not very reliable. 

This ratio can be obtained in a different way. We know 
that the theory applies to fictitious polymers immersed in 
a space of arbitrary dimension d. Thus renormalization 
theory shows how to find expansions of universal quantities 
in terms of E = 4 - d. An expansion of the universal ratio 
R G ~ / R ~  (when z - m )  gives7J0 to first order in t 

(9)  

(10) 

A better value can be obtained by using the fact that 

R G ~ / R ~  = f/6(l  - ~ / 9 6  + ...) 

R G ~ / R ~  = f/s(l - 1/96) = 5/6(1 - 0.010) 
and for d = 3 (t  = 1) we obtain 

a result that certainly is not very good. 

for d = 1 (rigid rods), we have 
R G ~ / R ~  = 5/12 

The semiempirical formula 
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R G 2  - = - (  1 1-31t/96 ) 
R2 6 1 - 30t/96 

is compatible with eq 9 and 10 and gives for d = 3 
R c ~ / R ~  = f/6(1 - f/66) = f/6(1 - 0.015) (11) 

As eq 9 is exact in the limit z - Q), it seems more rea- 
sonable to adopt the preceding value eq 11 than the value 
given by eq 8. In any case16 by comparing eq 8, 10, and 
11, we see that the error is of the order of a few percent. 

Finally, eq 11, 6, and 5 give the conversion formulas 

C/C* = 1.448(CX3) ( 1 2 4  

F(x)  = G(1.488~) (12b) 

111. Experimental and Theoretical Results 
The function F(x)  has not been calculated for all values 

of x ,  but we know how it behaves for small and large x and 
we can compare the experimental and the theoretical re- 
sults in these regions. 

The experiments conducted by Noda and collaborators6 
give for small values of C/C* 

IlM/CRT = 1 + 1.12(C/C*)[1 + 0.28(C/C*) + ...I 
(134 

Gkxptl(0) N 1.12 x = 0 (1%) 

IIM/CRT = 1.50(c/c*)’.326 (144 

Gexptl(X) 0: 1 . 5 o ~ ~ . ~ ~ 6  x >> 0 (14b) 

The theory of direct renormalization developed by des 

np/c = 1 + Y2(2.1r)d/2g*(CX3) + ... (15) 

and the expansion of g* to second order in t = 4 - d is 

and for large values of C/C* 

Cloizeaux6 gives for small CX3 
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5 + ?( 25 + In 2) + ... g* = 8 16 16 (16) 

For d = 3 (t = 1) this formula gives 
g* = 0.266 

A better value can be obtained by noting that for d = 

np/c = 1/(1- CX) (17) 
1 (rigid rods), we would get 

and therefore that 
g* = (2/7r)lI2 for d = 1 (e = 3) (18) 

Thus g* can be calculated by using the interpolating 
formula 
p* = ” 

321 
n 2 1  8 16 16 256 16 (2/7r)’12- - - - 1 

which is compatible with eq 16 and 18. For d = 3 (e = l ) ,  
this formula gives 

g* = 0.233 (19) 
a value that will be adopted here. Now eq 15 reads 

np/C = 1 + 1.835(CX3) + ... 
F i h e o r ( X )  = 1.835 

and using the conversion formulas (12), we obtain 
Giheor(o) = 1.448-’F$,,,(O) = 1.26 (20) 

This value is not far from the experimental result (13), and 
the difference can be explained by theoretical and ex- 
perimental uncertainties. 

Let us now consider the third virial coefficient. We 
might compare its experimental and theoretical values but 
it is better to consider the invariant ratio 

p = - - = - - = -  (21) 

where A2 and A, are the second and the third virial 
coefficients. 

1 F”(0) 1 G”(0) A3 

2 [F’(O)l2 2 [G’(0)I2 A22M 

A first-order calculation in t gives” 
p = 4 8  In 2 - ”/z In 3 - 76) + ... 

and therefore for d = 3 
p 0.435 

This value is rather crude; a better approximation can be 
obtained by remarking that for d = 1, according to eq 17 
we have p = 1. Thus p can be calculated by using the 
interpolating formula 

p = 0.435[~/(1 + 0.102t)l 

which is compatible with the preceding results. For d = 
3, this formula gives 

Ptheor = 0.39 (23) 
This value is substantially larger than the value 

Perptl = 0.25 

which was used in the so-called square root plot fitting the 
experimental data.5s6 A similar result12 was obtained by 
applying the method of Stockmayer and Casassa13 to the 
same data. Using the data of a - 1046 and plotting directly 
ll vs. C in regions where C C C*, Jannink14 found 

Pexptl = 0.30 

but this value is still far from the theoretical estimate. 
The origin of this discrepancy is unknown. The pro- 

cedures for evaluating pexptl may markedly affect the re- 
sults, owing to experimental errors. There are reasons to 
believe that the fourth virial coefficient is negative and the 
fourth-order term may give contributions that are of the 
same magnitude as the third-order term. The polydis- 
persity effects also may be important. Moreover, the ob- 
served value of p may be smaller than the asymptotic value 
of p ,  valid for very long chains. Incidentally, we note that 
for hard spheres we would get p = 0.625 and that the values 
of p obtained from the old (and not very reliable) theory 
of Stockmayer and Casassa13 are comparable to 0.25 in 
regions of excluded volume for the experimental data. 

For large values of CX (semidilute regime), no should 
depend only on CX1lv, which is proportional to the con- 
centration of monomers 

np/c +! F(cX’I”lI(”d-1) (244 

F ( x )  N OFxlW-1) (24b) 
The theoretical value3J4 of v for d = 3 is 

vaeor = 0.588 f 0.001 
which gives 

l/(ud - 1) = 1.309 f 0.006 for d = 3 (25) 

A crude estimation of OF can also be found. We note 
that for d = 4, we have v = l /z  and l/(vd - 1) = 1. This 
means that in the limit d - 4, the asymptotic term coin- 
cides with the second virial coefficient. Therefore, for small 
t 
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and for d = 3, we obtain the crude result 
OF N 2.46 

Thus for large x, we find 

and, using the conversion formula (12) we obtain in this 
way 

Gtheor(x) = 1.51x'~309*0~06 x >> 1 (28) 

Again, we see that there is a good agreement between this 
expression and the experimental result (14). The exper- 
imental value of v obtained by writing l/(3v - 1) = 1.32,, 
namely 

veXptl = 0.585 (29) 

is slightly smaller than expected, but crossover effects or 
polydispersity effects may well explain this fact. 

IV. Conclusion 
The predictions of renormalization theory concerning 

the behavior of the osmotic pressure of long chains in good 
solvents seem to agree with the experimental results, with 
one exception concerning the ratio p of the third virial 
coefficient to the square of the second virial coefficient. 
Polydispersity effects or the fact that the polymer is not 
infinitely long may explain this discrepancy. Anyway, 
more work is needed to obtain a really precise description 
of the universal function that describes the asymptotic 
behavior of the osmotic pressure. 
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ABSTRACT: A new thermodynamic theory of crystallization in polymer networks subjected to a constant 
deformation was formulated. Many drastic model assumptions used by other authors were abandoned, and 
the effect of junction displacement caused by crystallization was taken into account. A variety of crystallite 
types with respect to morphology size and orientation were allowed to coexist in a partially crystalline network. 
The free energy of such a network was calculated on the basis of the rubber elasticity theory, and the equilibrium 
state of the network was found by minimization of the free energy with respect to crystallinity variables. The 
average equilibrium degree of crystallinity and a change in stress due to equilibrium crystallization were 
determined. Example computations were performed for a uniaxial deformation and a tetrafunctional regular 
network composed of Gaussian chains of equal contour lengths. 

Introduction 
Polymer crystallization seems to be one of the most 

important problems in polymer physics. It has been es- 
tablished that in the case of un-cross-linked polymers, 
kinetic factors play a dominant role in Crystallization.' On 
the contrary, it is usually presumed that crystallization of 
polymer networks is mostly controlled by thermodynamics. 
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We have made an attempt to formulate a new thermody- 
namic theory of crystallization in polymer networks sub- 
jected to a constant deformation. Several theories on this 
subject have been published. The most fundamental paper 
was presented by Flory in 1947.2 

A few drastic assumptions were involved in the original 
Flory theory. All crystallites were assumed to have the 
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